Let (T, M ) be a complete local domain containing the integers. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T such that T pn is a regular local ring. We construct a chain of excellent local domains A n ⊆ A n−1 ⊆ · · · ⊆ A 1 such that for each 1 ≤ i ≤ n, the completion of A i is T , the generic formal fiber of A i is local with maximal ideal p i , and if I is a nonzero ideal of A i then A i /I is complete. Consequently, if in addition T is a UFD, we can construct a chain of excellent local UFDs A n ⊆ A n−1 ⊆ · · · ⊆ A 1 satisfying the same conditions.
Introduction
We begin with some basic definitions. Let A be a local ring with maximal ideal M . We usê A to denote the completion of A in the M -adic topology. If P is a prime ideal of A, then the formal fiber ring of A at P is defined to beÂ ⊗ A k(P ), where k(P ) = A P /P A P . When A is a domain, we refer to the formal fiber ring at (0) as the generic formal fiber ring of A. If p ∈ SpecÂ and K is the quotient field of A, then whenÂ ⊗ A K is local with maximal ideal p ⊗ A K, we say that A has a local generic formal fiber with maximal ideal p. It is worthwhile to note that it is unusual for an integral domain A to have a local generic formal fiber, and normally there exist many nonzero ideals I of A such that A/I is not complete. In this paper, we construct chains of excellent rings that do not satisfy these "usual" conditions.
In [5] , Loepp and Rotthaus showed that for T a complete local domain containing the integers with maximal ideal M such that T /M is at least the cardinality of the reals, and p a nonmaximal prime ideal of T such that T p is a regular local ring, there exists an excellent local domain A such that the completion of A is T , the generic formal fiber of A is local with maximal ideal p and for any nonzero ideal I of A, A/I is complete.
In this paper, we improve the result from [5] in two ways. We are first able to eliminate the condition that T /M has to have the cardinality at least that of the reals. In addition, we extend the result to a chain of excellent local rings. In particular, we show that if T is a complete local domain containing the integers and p 1 ⊆ p 2 ⊆ · · · ⊆ p n a chain of nonmaximal prime ideals of T such that T pn is a regular local ring, then there exists a chain of excellent local domains A n ⊆ A n−1 ⊆ · · · ⊆ A 1 such that for each i, the completion of A i is T , the generic formal fiber of A i is local with maximal ideal p i , and if I is a nonzero ideal of A i then A i /I is complete. As a corollary, we show that if, in addition, T is a UFD, then we may construct a chain of UFDs that satisfy the same conditions. The construction of each A i is similar to that in [5] . In order to guarantee that the completion of each A i is T , we make use of the result from [4] (Proposition 2.1 below), and show that IT ∩ A i = I for every finitely generated ideal I of A i and A i → T /M 2 is onto. We also show that p i ∩ A i = (0) and if q i is a prime ideal of T not contained in p i , then q i ∩ A i = (0). This gives that the generic formal fiber of A i is local with maximal ideal p i . We also need to ensure that A i /I is complete for each nonzero ideal I of A i .
To extend the result to a chain of excellent local rings, we take an approach similar to that in [2] , and break the proof into two parts. First we construct a chain such that the conditions hold for the first ring of the chain. Then we use induction to refine the rest of the chain to obtain the desired rings.
In the construction, we maintain a chain of subrings of T that satisfy some "nice" properties. These are similar to the p-subrings in [5] . But in order to get rid of the condition that T /M has to have at least the cardinality of the reals, we take care to ensure that each subring in the chain is a Small C Avoiding (SCA) subring as defined in [1] . We strengthen a Lemma from [1] and use SCA-subrings in place of p-subrings in all of our proofs.
Throughout this paper, all rings are commutative with unity. When we say a ring is local, Noetherian is implied. And we call a ring with one maximal ideal that is not necessarily Noetherian quasi-local. We use (T, M ) to denote a quasi-local ring T with maximal ideal M , and we use c to denote the cardinality of the reals.
The Construction
We use the following proposition from [4] to ensure the the completion of each A i is T . Proposition 2.1. If (R, M ∩ R) is a quasi-local subring of a complete local ring (T, M ), the map R −→ T /M 2 is onto and IT ∩ R = I for every finitely generated ideal I of R, then R is Noetherian and the natural homomorphismR −→ T is an isomorphism.
In our construction, we build subrings of T satisfying some "nice" properties. We follow the definition in [1] and call them SCA-subrings. Definition 2.2. Let (T, M ) be a complete local ring and C a set of prime ideals of T . Suppose that (R, R ∩ R) is a quasi-local subring of T such that |R| < |T | and R ∩ P = (0) for every P ∈ C. Then we call R a small C-avoiding subring of T and will denote it by SCA-subring. Lemma 2.3 is well-known, and a proof can be found in [1] . We implicitly use this Lemma in a couple of cardinality arguments. Lemma 2.3. Let (T, M ) be a complete local ring of dimension at least one. Let P be a nonmaximal prime ideal of T . Then |T /P | = |T | ≥ c.
The following lemma from [1] will help us find transcendental elements. Lemma 2.4. Let (T, M ) be a complete local ring such that dim T ≥ 1, C a finite set of nonmaximal prime ideals such that no ideal in C is contained in another ideal of C, and D a subset of T such that |D| < |T |. Let I be an ideal of T such that I ⊆ P for all P ∈ C. Then I ⊆ {r + P |r ∈ D, P ∈ C}.
We now prove a stronger version of the above lemma which will be immediately applicable to our construction. Here we weaken the conditions on C and only require it to have finitely many maximal elements.
Corollary 2.5. Let (T, M ) be a complete local ring such that dim T ≥ 1, C a set of nonmaximal prime ideals with finitely many maximal elements, and D a subset of T such that |D| < |T |. Let I be an ideal of T such that I ⊆ P for all P ∈ C. Then I ⊆ {r + P |r ∈ D, P ∈ C}.
Proof. Let C ′ be the set of all maximal elements of C. So C ′ is finite, and no ideal in C ′ is contained in another ideal of C ′ . Let I be an ideal of T such that I ⊆ P for all P ∈ C. So I ⊆ P ′ for all P ′ ∈ C ′ . Then by Lemma 2.4, I ⊆ {r + P ′ |r ∈ D, P ′ ∈ C ′ }. Now assume, for a contradiction, that I ⊆ {r + P |r ∈ D, P ∈ C}. Then if x ∈ I, we have x ∈ r + P , for some r ∈ D, P ∈ C. But P ⊆ P ′ for some P ′ ∈ C ′ , so x ∈ r + P ′ . Therefore, I ⊆ {r + P ′ |r ∈ D, P ′ ∈ C ′ }, a contradiction. It follows that I ⊆ {r + P |r ∈ D, P ∈ C}.
Recall that to satisfy the hypothesis of Proposition 2.1, we need the map A i → T /M 2 to be onto. We also want that A i /I is complete for every nonzero ideal I of A i . Note that if T is the completion of A i , I is a nonzero ideal of A i and A i → T /IT is onto, then
I is complete. To satisfy this condition and ensure that A i → T /M 2 is onto, we construct A i such that A i → T /J i is onto for every ideal J i of T that is not contained in the ideal p i . It turns out that this condition will also help us to show that A i is excellent.
For J i an ideal of T not contained in p i , and u ∈ T /J i , we use the following 2 lemmas to construct SC i A-subrings of T satisfying certain properties. These lemmas will be used to guarantee that A i → T /J i is onto. Lemma 2.6 is our first attempt to generalize Lemma 3 in [5] to the chain version. Here we show that the desired properties hold for "one end" of the chain. Later we further extend this result by induction. This approach is similar to that in [2] . Lemma 2.6. Let (T, M ) be a complete local ring with dim T ≥ 1, p 1 ⊆ p 2 ⊆ · · · ⊆ p n a chain of nonmaximal prime ideals of T and J an ideal of T with J ⊆ p n , and J ⊆ Q, ∀Q ∈ AssT .
Proof. Let C = AssT ∪ {p 1 , . . . , p n } and let P ∈ C. Define D (P ) to be a full set of coset representatives of the cosets t + P that make (u + t) + P algebraic over
. Note that |D| < |T |. Use Corollary 2.5 to find x ∈ J such that x ∈ {r + P |r ∈ D, P ∈ C}. We define
Since we are adjoining the same element, clearly S n ⊆ S n−1 ⊆ · · · ⊆ S 1 . And note that each S i is infinite. We claim the S i 's are the desired SC i A-subrings.
Since |R i | < |T | and
Hence, S i ∩ P i = (0) and it follows that S i is a SC i A-subring. Note that under the map S n −→ T /J, u + x is mapped to u + J. Hence u ∈ Img(S n −→ T /J). Also, if u = 0, then u + x ∈ J. Since (u + x) + p n is transcendental over R n as an element of T /p n , we have u + x = 0. It follows that S n ∩ J = (0). Now we are ready to give the full chain version of Lemma 3 in [5] . We argue inductively from Lemma 2.6.
Proof. We will induct on n. The base case is clear if we let n = 1 in Lemma 2.6. Assume given a chain of n − 1 prime ideals we can find a chain of n − 1 desired SC i A-subrings. Now consider the case with n prime ideals. Use Lemma 2.6 to find a chain of n subrings
Next use the inductive hypothesis on the chain
Hence, we have constructed the chain: S n ⊆ S n−1 ⊆ · · · ⊆ S 1 as desired. By induction the lemma holds.
The following two lemmas are the generalization of Lemma 2.6 from [1] . We need this to show that I i T ∩ A i = I i for each finitely generated ideal I i of A i . The proof again is broken up into two steps similar to the ones in the previous two lemmas.
Lemma 2.8. Let (T, M ) be a complete local ring with M ∈ AssT and dim T ≥ 1. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T . Let C i = AssT ∪ {p i } and R n ⊆ R n−1 ⊆ · · · ⊆ R 1 a chain of subrings of T where R i is an SC i A-subring for each 1 ≤ i ≤ n. Suppose I is a finitely generated ideal of R n and c ∈ IT ∩ R n . Then there exists a chain of subrings S n ⊆ S n−1 ⊆ · · · ⊆ S 1 of T such that for each 1 ≤ i ≤ n, R i ⊆ S i ⊆ T , S i is an SC i A-subring and c ∈ IS n .
Proof. We will induct on the number of generators of I. If I is principal, I = aR n , for some a ∈ R n . If a = 0, then I = (0) and c ∈ IT ∩ R n implies c = 0. So S i = R i gives the desired SC i A-subrings. So we consider the case when a = 0. In this case, c = au for some u ∈ T . We claim that
To see this, first note that |S i | < |T | for each i = 1, 2, . . . , n. Now let P i ∈ C i and suppose
Multiplying through by a n , we obtain a n f i = r n (au) n + · · · + r 1 a n−1 (au) + r 0 a n . Since a ∈ R n ⊆ R i , and R i ∩ P i = (0) for each P i ∈ C i , it follows that a n f i = r n c n + · · · + r 1 a n−1 c + r 0 a n ∈ P i ∩ R i = (0). Since C n contains all associated primes of T , and a ∈ R n which is a SC n A-subring, we know a is not a zero divisor in T . Then it must be the case that f = 0. Thus S i is an SC i A-subring and this proves the base case. Now suppose the Lemma holds for all I generated by m − 1 elements. Consider the case when I has m generators. Let I = (y 1 , . . . , y m )R n . Since c ∈ IT ∩ R n , c = y 1 t 1 + · · · + y m t m for some t 1 , . . . , t m ∈ T . Note that by adding 0, for any t ∈ T , c = y 1 t 1 + y 1 y 2 t − y 1 y 2 t + y 2 t 2 + · · · + y m t m = y 1 (t 1 + y 2 t) + y 2 (t 2 − y 1 t) + y 3 t 3 + · · · y m t m . Let x 1 = t 1 + y 2 t and x 2 = t 2 − y 1 t, where we will choose t later. Let C = AssT ∪ {p 1 , . . . , p n } and P ∈ C. Note that y 2 ∈ P since y 2 ∈ R n , y 2 = 0, and R n ∩ P = (0). Thus, t + P = t ′ + P implies (t 1 + y 2 t) + P = (t 1 + y 2 t ′ ) + P . Let D (P ) be a full set of coset representatives of the cosets t + P that makes x 1 + P algebraic over
. Note that |D| < |T |. We use Corollary 2.5 with I = T to find an element t ∈ T such that x 1 + P is transcendental over
As in the proof of Lemma 2.6, we may show that
n and c * = c − y 1 x 1 . So c * ∈ I ′ T ∩ R ′ n . Then by our inductive hypothesis, there exists a chain of subrings S n ⊆ · · · ⊆ S 1 such that R ′ i ⊆ S i ⊆ T , S i is an SC i A-subring, and c * ∈ I ′ S n . Thus c * = y 2 s 2 + · · · + y m s m for s 1 , . . . , s m ∈ S n . It follows that c = y 1 x 1 + y 2 s 2 + · · · + y m s m ∈ IS n . And since R i ⊆ R ′ i , we conclude that R i ⊆ S i ⊆ T and the S i 's are the desired SC i A-subrings. Lemma 2.9. Let (T, M ) be a complete local ring with M ∈ AssT and dim T ≥ 1. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T . Let C i = AssT ∪ {p i } and R n ⊆ R n−1 ⊆ · · · ⊆ R 1 a chain of subrings of T where R i is an SC i A-subring for each 1 ≤ i ≤ n. Let I 1 , I 2 . . . I n and c 1 , c 2 . . . c n be such that I i is a finitely generated ideal of R i with c i ∈ I i T ∩ R i . Then there exists a chain of subrings S n ⊆ S n−1 ⊆ · · · ⊆ S 1 of T such that for each 1 ≤ i ≤ n, R i ⊆ S i ⊆ T , S i is an SC i A-subring and c i ∈ I i S i .
Proof. We will induct on n. The base case clearly holds if we let n = 1 in Lemma 2.8. Assume that given a chain of n − 1 prime ideals and the corresponding chain of subrings, we can find a chain of n − 1 desired SC i A-subrings. Now consider the case with n prime ideals. Use Lemma 2.8 to construct a chain of subrings S ′ n ⊆ S ′ n−1 ⊆ · · · ⊆ S ′ 1 such that for each i,
is a SC i A-subring, and c n ∈ I n S ′ n . We let S n = S ′ n and use our inductive hypothesis on the chain S ′ n−1 ⊆ · · · ⊆ S ′ 1 to find a chain of subrings S n−1 ⊆ · · · ⊆ S 1 such that R i ⊆ S ′ i ⊆ S i ⊆ T , S i is SC i A-subring, and c i ∈ I i S i . Since S n = S ′ n ⊆ S ′ n−1 ⊆ S n−1 , we have constructed a chain of subrings S n ⊆ · · · ⊆ S 1 satisfying all the conditions. By induction, our lemma holds.
The following definition is from [3] . Definition 2.10. Let Ω be a well-ordered set and α ∈ Ω. We define γ(α) = sup{β ∈ Ω|β < α}.
Lemma 2.11 is the generalization of Lemma 5 from [5] . Here we construct a chain of SC i A-subrings that simultaneously satisfy many of the desired properties. Condition (iii) and (v) will help us to show that the completion of A i is T . Condition (iv) is needed to ensure that the generic formal fiber of A i is local with maximal ideal p i . Lemma 2.11. Let (T, M ) be a complete local ring with dim T ≥ 1, p 1 ⊆ p 2 ⊆ · · · ⊆ p n a chain of nonmaximal prime ideals of T and J 1 , J 2 . . . J n n ideals of T with J i ⊆ p i for each
, and (v) For every finitely generated ideal I of S i , we have IT ∩ S i = I.
Proof. Use Lemma 2.7 to find a chain of infinite subrings
and if u i = 0, then R i,0 ∩ J i = (0). We construct S i to contain R i,0 , so conditions (ii) − (iv) will follow automatically. Now for each 1 ≤ i ≤ n, define Ω i = {(I i , c i )|I i is a finitely generated ideal of R i,0 and c i ∈ I i T ∩ R i,0 }.
Since I i can be R i,0 , we have |R i,0 | ≤ |Ω i |, and since |R i,0 | is infinite and there are |R i,0 | finite subsets of R i,0 , we have |Ω i | ≤ |R i,0 |. So |Ω i | = |R i,0 |. Well-order each Ω i so that it does not have a maximal element. Note that ((0), 0) ∈ Ω i for all i. Suppose Ω I is a set with the maximal cardinality, let Ψ be its index set. We use Ψ to index each Ω i , and when |Ω i | < |Ω I |, we simply append extra ((0), 0)'s. Now define
where ∆ denotes the diagonal. We can naturally well-order Ω using Ψ. Next, we recursively define n families of SC i A-subrings, starting with R n,0 ⊆ R n−1,0 ⊆ · · · ⊆ R 1,0 . We take care to preserve the ascending chain structure at each step. Let α ∈ Ω. Assume R n,β ⊆ R n−1,β ⊆ · · · ⊆ R 1,β has been defined for each β < α. γ(α) = ((I 1 , c 1 ), (I 2 , c 2 ) , ..., (I n , c n )) for some finitely generated ideal I i of R i,0 and c i ∈ I i T ∩ R i,0 . If γ(α) < α, use Lemma 2.9 to find R n,α ⊆ R n−1,α ⊆ · · · ⊆ R 1,α such that R i,α is an SC i A-subring, R i,γ(α) ⊆ R i,α ⊆ T and c i ∈ I i R i,α . If γ(α) = α, define R i,α = β<α R i,β . We still need to show that the chain condition holds in this case. Let 1 ≤ a < b ≤ n, and ζ ∈ R b,α . Hence ζ ∈ R b,β for some β < α. Since each of R i,β has been defined to preserve the chain, we have ζ ∈ R a,β ⊆ R a,α . It follows that
It is easy to verify that R i,1 is an SC i A-subring, for each i = 1, 2, . . . , n. Also, if I i is a finitely generated ideal of R i,0 , and
Repeat this process to obtain a chain of
Continue to construct an ascending chain R i,0 ⊆ R i,1 ⊆ · · · such that for each j, R n,j ⊆ R n−1,j ⊆ · · · ⊆ R 1,j is a chain of SC i A-subrings, and for each finitely generated ideal
If I is a finitely generated ideal of S i , then some R i,n contains a generating set for I, say {y 1 , . . . ,
The following lemma is a generalization of Lemma 6 in [5] . Here we construct a chain of rings A i satisfying all conditions we desire except that A i might not be excellent.
Lemma 2.12. Let (T, M ) be a complete local ring with dim T ≥ 1 and such that no integer of T is a zero-divisor. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T , such that p 1 contains all the associated prime ideals of T . Suppose that p n intersected with the prime subring of T is the zero ideal. Then there exists a chain of local domains
(iii) the generic formal fiber of A i is local with maximal ideal p i , and (iv) if I is a nonzero ideal of A i , then A i /I is complete.
Proof. Let C i = AssT ∪ {p i }. Define n sets Ω 1 , Ω 2 , . . ., Ω n to be such that
Since T is Noetherian, then each ideal of T is finitely generated. Hence |{J i |J i is ideal of T and J i ⊆ p i }| ≤ |T |. Now, if J is an ideal of T , then |T /J| ≤ |T |. It follows that for each 1 ≤ i ≤ n, |Ω i | ≤ |T |. Well order Ω i so that each element has fewer than |Ω i | predecessors. Note that 0 + M ∈ Ω i for each i. By using the same technique as in the proof of Lemma 2.11, we use the same index set for all n orderings, call this index set Ψ. Next define
We can naturally well order Ω using Ψ. Let 0 denote the first element of Ω. Let R ′ 0 be the prime subring of T and for each 1 ≤ i ≤ n, let R i,0 = R ′ 0(R ′ 0 ∩M ) . Note that R i,0 is an SC i A-subring and the condition R n,0 ⊆ R n−1,0 ⊆ · · · ⊆ R 1,0 holds trivially.
Next, we recursively define n families of SC i A-subrings and take care to preserve the chain structure of the SC i A-subrings at each step. R n,0 ⊆ R n−1,0 ⊆ · · · ⊆ R 1,0 is already defined. Let λ ∈ Ω. Assume R n,β ⊆ R n−1,β ⊆ · · · ⊆ R 1,β has been defined for each β < λ.
, and for every finitely generated ideal I of R i,λ , we have IT ∩ R i,λ = I. If γ(λ) = λ, define R i,λ = β<λ R i,β . We still need to show the chain condition holds in this case. Let 1 ≤ a < b ≤ n, and ζ ∈ R b,λ . Hence ζ ∈ R b,β for some β < λ. Since each of R i,β has been defined to preserve the chain, we have ζ ∈ R a,β ⊆ R a,λ . Thus R n,λ ⊆ R n−1,λ ⊆ · · · ⊆ R 1,λ holds for each λ ∈ Ω and R i,λ is an SC i A-subring. Let A i = λ∈Ω R i,λ , clearly A n ⊆ A n−1 ⊆ · · · ⊆ A 1 and we claim this is the chain of the desired domains.
We first prove condition (iii). Since each R i,λ is a SC i A-subring, we have R i,λ ∩ p i = (0). Hence, A i ∩ p i = (0). Next, let J i be an ideal of T with J i ⊆ p i , then 0 + J i ∈ Ω i . So there exists λ ∈ Ω with γ(λ) < λ and γ(λ) = ((u 1 + J 1 ), (u 2 + J 2 ), . . . , (0 + J i ), . . . , (u n + J n )). By our construction, R i,λ ∩ J i = (0). It follows that A i ∩ J i = (0), ∀J i an ideal of T with J i ⊆ p i . Thus, the generic formal fiber of A i is local with maximal ideal p i .
To show (i), we make use of Proposition 2.1. Since p i is nonmaximal, we have M 2 ⊆ p i . Thus by our construction, the map A i −→ T /M 2 is onto. For every finitely generated ideal I of A i , clearly I ⊆ IT ∩ A i . Let I = (y 1 , y 2 , . . . , y k ) be a finitely generated ideal of A i and c ∈ IT ∩ A i . We have (c, y 1 , . . . , y k ) ⊆ R i,λ for some λ ∈ Ω with γ(λ) < λ. By construction, (y 1 , . . . , y k )T ∩ R i,λ = (y 1 , . . . , y k )R i,λ . Hence, c ∈ (y 1 , . . . , y k )T ∩ R i,λ = (y 1 , . . . , y k )R i,λ ⊆ I. We thus have IT ∩ A i = I. It follows from Proposition 2.1 that A i is Noetherian and the completion of A i is T .
Next, let I be a nonzero ideal of
The kernel of this map is A i ∩ IT = I. Hence A i /I ∼ = T /IT , which implies that A i /I is complete.
Finally, if P i is a nonzero prime ideal of A i , then by the above paragraph, we have that
And this completes the proof. Now we prove that each A i is excellent and thus conclude our main theorem.
Theorem 2.13. Let (T, M ) be a complete local domain containing the integers. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T such that T pn is a regular local ring. Then there exists a chain of excellent local domains A n ⊆ A n−1 ⊆ · · · ⊆ A 1 such that for each 1 ≤ i ≤ n, the completion of A i is T , the generic formal fiber of A i is local with maximal ideal p i and if I is a nonzero ideal of A i , then A i /I is complete.
Proof. Notice that since T is a local domain, in order for the chain p 1 ⊆ · · · ⊆ p n to exist, we must have dim T ≥ 1. We use Lemma 2.12 to construct the chain of local domains A n ⊆ A n−1 ⊆ · · · ⊆ A 1 . Then we only need to show that for each 1 ≤ i ≤ n, A i is excellent. Since A i is local (and thus Noetherian), to show A i is universally catenary, we only need to show A i is formally equidimensional. Hence, it suffices to show thatÂ i = T is equidimensional. This is true since T is domain. Next, we show A i is G−ring for each i. Let P i be a nonzero prime ideal of A i . By Lemma 2.12, T ⊗ A i k(P i ) ∼ = k(P i ) is regular. Let L be a finite field extension of k(P i ). We want to show T ⊗ A i L is regular. Here we make use of a fact that if M is an R-module, then M ⊗ R R ∼ = M . Hence we have:
Now the only thing left to show is that the generic formal fiber of A i is geometrically regular. First, recall that if R is a regular local ring, then R P is a regular local ring ∀P ∈ SpecR. So T pn being a RLR implies that T p i ∼ = (T pn ) p i Tp n is a RLR. Then, T ⊗ A i k(0) ∼ = T p i is regular. Next, we want to show that T ⊗ A i L is regular, ∀ finite field extension L of k(0). Since k(0) = A i(0) /(0)A i(0) is the quotient field of A i , it is a field of characteristic zero. Thus by Rotthaus' notes in [7] , we may assume that L is purely inseparable. Since k(0) is characteristic zero, it must be that L = k(0). Hence, it follows that A i is excellent for each 1 ≤ i ≤ n.
Finally, the following corollary extends the results to UFDs.
Corollary 2.14. Let (T, M ) be a complete local unique factorization domain containing the integers. Let p 1 ⊆ p 2 ⊆ · · · ⊆ p n be a chain of nonmaximal prime ideals of T such that T pn is a regular local ring. Then there exists a chain of excellent local UFDs A n ⊆ A n−1 ⊆ · · · ⊆ A 1 such that for each 1 ≤ i ≤ n, the completion of A i is T , the generic formal fiber of A i is local with maximal ideal p i and if I is a nonzero ideal of A i , then A i /I is complete.
Proof. We use Theorem 2.13 to construct a chain of excellent local domains A n ⊆ A n−1 ⊆ · · · ⊆ A 1 . It remains to show that each A i is a UFD. But this follows immediately from the fact (see Exercise 20.4 in [6] ) that for a local ring A, ifÂ is a UFD, then so is A.
